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Abstract 

This encyclopedia article briefly reviews without proofs some of the main results in cotangent 
bundle reduction. The article recalls most the necessary prerequisites to understand the main 
results. 

The general symplectic reduction theory presented in becomes much richer and has many ap- 
pUcations if the symplectic manifold is the cotangent bundle {T*Q, ^Iq = — dOg) of a manifold Q. The 
canonical one-form Qq on T*Q is given by Qqiaq) (VaJ = {Ta^irq for any q G Q,aq G T*Q, 

and tangent vector V^^ S Ta^{T*Q), where ttq : T*Q Q is the cotangent bundle projection and 
Ta^TTQ : Ta^{T*Q) —>■ TqQ is its tangent map (or derivative) at q. In natural cotangent bundle coordi- 
nates {q^,Pi), we have Qq — Pidq^ and fig — dq* A dpi. 

Let ^ : G X Q ^ Q he a. left smooth action of the Lie group G on the manifold and Q. Denote by 
g ■ q = ^{g, q) the action of (/ g G on the point q G Q and hy : Q ^ Q the diffeomorphism of Q 
induced by g. The lifted left action G x T*Q T*Q, given by g • a, = r*.^$g-i(aq) for g G G and 
Uq G T*Q, preserves Qq, and admits the equivariant momentum map J : T*Q —>■ q* whose expression 
is (J(ag),^) = aq{{^Q{q)), where ^ G 0, the Lie algebra of G, ( ,) : g* x g ^ M is the duality pairing 
between the dual g* and g, and ^Q{q) — d^{expt^, q)/dt\t=o is the value of the infinitesimal generator 
vector field of the G-action at g G Q. Throughout this article it is assumed that the G-action on Q, 
and hence on T*Q, is free and proper. Recall also that {{T*Q)^, (rig)^) denotes the reduced manifold 
at /X G g* JSli where {T*Q)^ := J~^(/i)/G^ is the orbit space of the G^-action on the momentum level 
manifold 3~^{p) and G^ := G G | Ad* ^ — ^} is the isotropy subgroup of the coadjoint representation 
of G on g*. The left coadjoint representation of g G G on G g* is denoted by Ad*-i fi. 

Cotangent bundle reduction at zero is already quite interesting and has many applications. Let 
p : Q Q/G be the G-principal bundle projection defined by the proper free action of G on Q, usually 
referred to as the shape space bundle. Zero is a regular value of J and the map ipo : {{T*Q)o, {flQ)o) 
{T*{Q/G),nQ/G) given by ipo{[aq]){Tqp{vq)) := a^K), where Uq G J^^O), K] ^ {T*Q)o, and Vq G 
TqQ, is a well-defined symplectic diffeomorphism. 

This theorem generalizes in two non-trivial ways when one reduces at a non-zero value of J: an 
embedding and a fibration theorem. 

Embedding version of cotangent bundle reduction. Let /i G g*,Q;^ := Q/G^,p^ : Q 
the projection onto the G^-orbit space, g/j := S g | adt p, — 0} the Lie algebra of the coadjoint 
isotropy subgroup G^, where adj := [^,77] for any ^,77 G g, ad^ : g* g* the dual map, p' :— 
p\g^ G g* the restriction of p to g^, and {{T*Q)^, (^q)a') reduced space at p. The induced G^- 
action on T*Q admits the equivariant momentum map J'^ : T*Q —>■ g* given by J'^(ag) = 3{aq)\g^. 
Assume there is a G^-invariant one-form on Q with values in (3^)~^{p'). Then there is a unique 
closed two-form /3^i on such that p*^l3^ = da^. Define the magnetic term :— ttq /3^, where 
TTQ^ : T*Q^ is the cotangent bundle projection, which is a closed two-form on T*Q^. Then the 

map (pf, : {{T*Q)^, (f^Q)^) ^ {T*Q,.,^Q^ - B^) given by V^,{[aq\){Tqp^{vq)) := (a, - a^{q)){vq), for 
aq G J^^(/i), [aq] G {T*Q)^, and Vq G TqQ, is a symplectic embedding onto a submanifold of T*Q^ 
covering the base Q^. The embedding ip^ is a diffeomorphism onto T*Q^ if and only if g = g^. If the 
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one-form takes values in the smaller set J~^{^) then the image of is the the vector subbundlc 
[Tpn{VQ)]° of r*(5^, where VQ C TQ is the vertical vector subbundle consisting of vectors tangent 
to the G-orbits, that is, its fiber at q £ Q equals VqQ = {^qiq) | ^ € and ° denotes the annihilator 
relative to the natural duality pairing between TQf, and T*Qf^. Note that if g is Abclian or /i = 0, the 
embedding ip^ is always onto and thus the reduced space is again, topologically, a cotangent bundle. 

It should be noted that there is a choice in this theorem, namely the one- form a^. Whereas the 
reduced symplectic space {{T*Q)f^, {^Iq)^) is intrinsic, the symplectic structure on the space T*Q^ 
depends on a^. The theorem above states that no matter how is chosen, there is a symplectic 
diffeomorphism, which also depends on a^, of the reduced space onto a submanifold of T*Qfj_. 

Connections. The one-form is usually obtained from a left connection on the principal bundle 

Pfi '■ Q ^ Q/Gf^ oi p : Q ^ Q/G. A left connection one-form A G il^{Q;g) on the left principal 
G-bundle p : Q ^ Q/G is a Lie algebra valued one- form A : TQ —* q, where q denotes the Lie algebra 
of G, satisfying the conditions A{(,q) = ^ for all ^ e £| and A{Tq^g{v)) = Adg{A{v)) for all 5 e G 
and V G TqQ, where Adg denotes the adjoint action of G on g. The horizontal vector subbundlc 
HQ of the connection A is defined as the kernel of A, that is, its fiber at g € Q is the subspace 
Hg := kevA{q). The map Vg yeTg{vq) := [A{q){vg)]Q{q) is called the vertical projection, while the 
map Vq hoVqi^Vq) := Vq —verq{vq) is called the horizontal projection. Since for any vector Vq G TqQ 
we have Vq = verq{vq) + horq{vq), it follows that TQ = HQ © VQ and the maps hor, : TqQ HqQ and 
ver, : TgQ VgQ are projections onto the horizontal and vertical subspaces at every q G Q. 

Connections can be cquivalently defined by the choice of a subbundle HQ C TQ complementary 
to the vertical subbundle VQ satisfying the following G-invariance property: Hg.qQ = Tq<^g{HqQ) for 
every g G G and q G Q. The subbundle HQ is called, as before, the horizontal subbundle and a 
connection one-form A is defined by setting A{q){(_Q{q) + Uq) = ^, for any ^ G g and Uq G HqQ. 

The curvature of the connection A is the Lie algebra valued two- form on Q defined by B{ug, Vg) = 
dA{hoTg{uq),hoVq{vq)). When one replaces vectors in the exterior derivative with their horizontal pro- 
jections, then the result is called the exterior covariant derivative and the preceding formula for B 
is often written as -B = DA. Curvature measures the lack of integrability of the horizontal distribution, 
namely, B{u, v) = — ^([hor(u), hor(v)]) for any two vector fields u and v on Q. The Cartan Structure 
Equations state that B{u,v) = dA{u,v) — [A{u),A{v)], where the bracket on the right hand side is 
the Lie bracket in g. 

Since the connection ^ is a Lie algebra valued one-form, for each p G g* the formula Q!|u(g) := 
A{q)*{p), where A{q)* : g* T*Q is the dual of the linear map A{q) : TqQ g, defines a usual 
one-form on Q. This one-form takes values in J~^(p) and is equivariant in the following sense: 
$*a^ = OiAd^iJ. for any g gG. 

Magnetic Terms and Curvature. There are two methods to construct the one-form from a 

connection. The first is to start with a connection one-form A^ G il}{Q;gfi) on the principal G^-bimdlc 
Pfj. '■ Q ^ Q/Gfi. Then the one-form := (^p\q^,A^) G ^1^{Q) is Gyi^-invariant and has values in 
(J'')~^(/(i|g^). The magnetic term is the pull back to T*{Q/Gn) of the /x|g^ -component da^u of the 
curvature of A'^ thought of as a two-form on the base Q/G^j^. 

The second method is to start with a connection A G ^^{Q, g) on the principal bundle p : Q ^ Q/G, 
to define := {p,A) G Q}-{Q), and to observe that this one- form is G^-invariant and has values in 
3~^{p). The magnetic term B^ is in this case the pull back to T*{Q/G^) of the /^-component da^ of 
the curvature of A thought of as a two- form on the base Q/G^. 

The Mechanical Connection. If (Q, (( , ))) is a Riemannian manifold and G acts by isometrics, there 
is a natural connection on the bundle p : Q Q/G, namely, define the horizontal space at a point to 
be the metric orthogonal to the vertical space. This connection is called the mechanical connection 
and its horizontal bundle consists of all vectors Vq G TQ such that 3{{{vq, •))) = 0. 

To determine the Lie algebra valued one-form A of this connection, the notion of locked inertia 
tensor needs to be introduced. This is the linear map 1(g) : g ^ g* depending smoothly on g G Q 
defined by the identity {I{q)£,,ri) = {{£,Q{q),'r]Q{q))) for any G g. Since the G-action is free, each 1(g) 
is invertible. The connection one-form whose horizontal space was defined above is given by A{q){vq) = 
l{q)-'mvq,.)))). 
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Denote hy K : T*Q ^ the kinetic energy of the metric ((,)) on the cotangent bundle, that is, 
^(((^g; ■))) •= ilk? IP- The one-form = A{-)*^ is characterized for the mechanical connection A by 
the condition Kiaf^iq)) = M{K{l3g) | /3, £ J-^in) r\T*Q}. 

The amended potential. A simple mechanical system is a Hamiltonian system on a cotangent 
bundle T*Q whose Hamiltonian function is the the sum of the kinetic energy of a Ricmannian metric 
on Q and a potential function ^ : Q — > K. If there is a Lie group G acting on Q by isometrics and 
leaving the potential invariant, then we have a simple mechanical system with symmetry . The 
amended or effective potential : Q ^ M at /i G g* is defined by := H o a^^ where is the 
one- form associated to the mechanical connection. Its expression in terms of the locked moment of 
inertia tensor is given by V^{q) V{q) -f ^(/i, The amended potential naturally induces a 
smooth function £ C°^{Q/G^). 

The fundamental result about simple mechanical systems with symmetry is the following. The push- 
forward by the embedding : ((T*(3)p, (fig)^) {T*Qf^, fig^ — B^) of the reduced Hamiltonian G 
C°° {{T* Q) ^) of a simple mechanical system H = K + V ottq g C°°{T*Q) is the restriction to the vector 
subbundle 'f^{{T*Q)^) C T*{Q/G^), which is also a symplectic submanifold of (T*{Q/G^), ^q/g , 
of the simple mechanical system on T*{Q /Gp) whose kinetic energy is given by the quotient Ricmannian 
metric on QjG^, and whose potential is Vp,. However, Hamilton's equations on T* {Q / G ^j) for this simple 
mechanical system are computed relative to the magnetic symplectic form D,q jQ^ — . 

There is a wealth of applications starting from this classical theorem to mechanical systems, spanning 
such diverse areas as topological characterization of the level sets of the energy-momentum map to 
methods of proving nonlinear stability of relative equilibria (block diagonalization of the stability form 
in the application of the energy-momentum method). 

Fibration version of cotangent bundle reduction. There is a second theorem that realizes the 
reduced space of a cotangent bundle as a locally trivial bundle over shape space Q/G. This version is 
particularly well suited in the study of quantization problems and in control theory. The result is the 
following. Assume that G acts freely and properly on Q. Then the reduced symplectic manifold (r*(5)^ 
is a fiber bundle over T*{Q/G) with fiber the coadjoint orbit O^. How this is related to the Poisson 
structure of the quotient {T*Q)/G will be discussed later. 

The Kaluza-Klein construction. The extra term in the symplectic form of the reduced space is 
called a magnetic term because it has this interpretation in electromagnetism. To understand why 
is called a magnetic term, consider the problem of a particle of mass m and charge e moving in R'^ 
under the influence of a given magnetic field B = Bx'i + Byj + Bz^i, divB = 0. The Lorentz Force Law 
(written in the International System) gives the equations of motion 

dv , . 

m— = ev X B, (0.1) 

dt ' ^ ' 

where e is the charge and v — (i, y, z) — q is the velocity of the particle. What is the Hamiltonian 
description of these equations? 

There are two possible answers to this question. To formulate them, associate to the divergence free 
vector field B the closed two-form B = B^dy A dz — Bydx A dz + Bzdx A dy. Also, write B — curl A 
for some other vector field A — {Ax,Ay,Az) on M.^, called the magnetic potential. 

Answer 1 . Take on T*M^ the symplectic form = dx f\ dp^ + dy /\ dpy + dz A dpz — eB, where 
{Px,Py,Pz) = P := JTiv is the momentum of the particle, and h — to||v|P/2 — m{x^ + y^ + ^^)/2 is the 
Hamiltonian, the kinetic energy of the particle. A direct verification shows that dh = ^B{Xh, ■), where 

Xh = x-^+y^ + z^+ e{Bzy - Byz)^ + e^B^z - B^x)^ + e{ByX - B^i)^, (0.2) 
ox ay oz opx opy opz 

which gives the equations of motion (|0.1|) . 

Answer 2. Take on T*M.^ the canonical symplectic form 17 = da; A dpx + dy A dpy + dz A dpz and 
the Hamiltonian Ha = ||p — eA|p/2m. A direct verification shows that d/iA = ^{XhA, ■), where A/j^ 
has the same expression (|0.2|1 . 
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Next we show how the magnetic term in the symplectic form is obtained by reduction from the 
Kaluza-Klein system. Let Q = M.^ x with the circle G = acting on Q, only on the second factor. 
Identify the Lie algebra g of with R. Since the infinitesimal generator of this action defined by 
^ G g = K. has the expression ^Q(q, 0) — (q, 0;O,£,), if TS^ is trivialized as S'"'^ x R, a momentum map J : 
T*Q = X xR^ xR ^ Q* = M is given by J(q, 6*; p,p)C = (p,p)-(0,0 = that is, J(q, 6*; p,p) = p. 
In this case the coadjoint action is trivial, so for any G g* = R, we have = S"^, g^ = R, and /i' = /i. 
The one-form = fj,{Axdx + Aydy + A^dz + d9) € n^{Q), where d9 denotes the length one-form on S^, 
is clearly = S*^ -invariant, has values in J~-^(/i) = {(q, 0;p, ^) | q, p G R^,9 G S^}, and its exterior 
differential equals da^ = ^B. Thus the closed two- form on the base — Q/Gf^ — Q/S^ = R^ 
equals nB and hence the magnetic term, that is, the closed two-form B^ — ttq on T*Q^ — T*R^ , is 
also /iS since ttq^ : Q = R^ x S*^ — > Q/G^ ~ R^ is the projection. Therefore, the reduced space (T*(5)^ 
is symplectically diffeomorphic to (T*R'^, dxhdp^ + dy Adpy + dz Adpz — fiB), which coincides with the 
phase space in Answer 1 if we put ^ — e. This also gives the physical interpretation of the momentum 
map J : T*Q = x 5^ x R^ x R — > g* = R, J(q, 9; p,p) = p and hence of the variable conjugate to the 
circle variable 9: p represents the charge. Moreover, the magnetic term in the symplectic form is, up to 
a charge factor, the magnetic field. 

The kinetic energy Hamiltonian h{q,9;p,p) := 2^||p|P + ^P^ of the Kaluza-Klein metric, that is, 
the Riemannian metric obtained by keeping the standard metrics on each factor and declaring M"^ and 

orthogonal, induces the reduced Hamiltonian /i^(q) — 2^|1p|P + which, up to the constant 
equals the kinetic energy Hamiltonian in Answer 1. Note that this reduced system is not the 
geodesic flow of the Euclidean metric because of the presence of the magnetic term in the symplectic 
form. However, the equations of motion of a charged particle in a magnetic field are obtained by reducing 
the geodesic flow of the Kaluza-Klein metric. 

A similar construction is carried out in Yang-Mills theory where A is a connection on a principal 
bundle and B is its curvature. Magnetic terms appear also in classical mechanics. For example, in 
rotating systems the Coriolis force (up to a dimensional factor) plays the role of the magnetic term. 

Reconstruction of dynamics for cotangent bundles. A general reconstruction method of the 
dynamics from the reduced dynamics was given in 13 . For cotangent bundles, using the mechanical 
connection, this method simplifies considerably. 

Start with the following general situation. Let G act freely on the configuration manifold Q, h : 
T*Q — > R be a G-invariant Hamiltonian, /x G g*, G J~^(/z), and c^(i) the integral curve of the reduced 
system with initial condition [aq] G {T*Q)fi given by the reduced Hamiltonian function /i^ : (T*Q)ij, 
R. In terms of a connection A G fl^{3~^{ii);gfi) on the left G^^-principal bundle J~^{^) {T*Q)fi the 
reconstruction procedure proceeds in four steps: 

• Step 1: Horizontally lift the curve Cp(t) G {T*Q)^ to a curve d{t) G i^^{iJL) with d{Q) — aq; 
. Step 2: Set i{t) = A{d{t)) {Xh{d{t))) G g^; 

• Step 3: With ^(t) G 2p. determined in Step 2, solve the nonautonomous differential equation 
g(t) = TeLg(^t^^(t) with initial condition g(0) = e, where Lg denotes left translation on G; this is 
the step that involves "quadratures" and is the main obstacle to finding explicit formulas; 

• Step 4: The curve c(t) — g(t) ■ d(t), with d{t) found in Step 1 and g{t) found in Step 3 is the 
integral curve of Xh with initial condition c(0) ~ aq. 

This method depends on the choice of the connection A G f2^(J^^(/i); g^). Here are several particular 
cases when this procedure simplifies. 

(a) One-dimensional coadjoint isotropy group. If G^ = S^ or G^ — R, identify g^ with R via the map 
a G R G g^, where C G g^, C 0; is a generator of g^. Then a connection one-form on the 

(or R) principal bundle J^^(^) {T*Q)^ is the one-form A on J~^(^) given hy A = jj^^ti, where 
9f^ is the pull-back of the canonical one-form 9 G f2^(T*Q) to the submanifold J~^(/i). The curvature 
of this connection is the two-form on {T*Q)^ given by curv(^) — —jj^ujfj_, where is the reduced 
symplectic form on {T*Q)^. In this case, the curve ^(t) G in Step 2 is given by ^(t) = h\h]{d{t)), 
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where A € X{T*Q) is the Liouville vector field characterized by the property of being the unique 
vector field on T*Q that satisfies the relation d9{A, •) = 0. In canonical coordinates {q^,Pi) on T*Q, 

(b) Induced connection. Any connection A G Q}{Q]Q^) on the left principal bundle Q Q/G^ induces 
a connection A G ni(J-i(/i); g^) by A{aq) (^.J := A{q) {T^^ttq (V'aJ), where g G Q, ag G T*Q, 
Vag G Tag{T*Q), and ttq : T*(5 — > Q is the cotangent bundle projection. In this case, the curve 
^(t) G Qfj, in Step 2 is given by ^{t) = A{q{t)) (¥h{d{t)) , where q{t) := 'KQ{d{t)) is the base integral curve 
and the vector bundle morphism ¥h : T*Q TQ is the fiber derivative of h given by ¥h{aq){(3q) := 
^ Q h{aq + t(iq) for any aq,(3q €T*Q. Two particular instances of this situation are noteworthy. 

(bl) Assume that the Hamiltonian h is that of a simple mechanical system with symmetry. Choos- 
ing A to be the mechanical connection A^^ch, the curve ^{t) G in Step 2 is given by ^{t) = 

{q{t))mt),-))). 

(b2) If <5 = G is a Lie group, dimG^u = 1, and C is a generator of g^, then the connection A G ^1^{G) 
can be chosen to equal A{g) := jj^TgRg-i (/x), where C is a generator of and iJgis right translation 
on G. 

(c) Reconstruction of dynamics for simple mechanical systems with symmetry. The case of simple 
mechanical systems with symmetry deserves special attention since several steps in the reconstruction 
method can be simplified. For simple mechanical systems the knowledge of the base integral curve q{t) 
suffices to determine the entire integral curve on T*Q. Indeed, if h = K + V o nq is the Hamiltonian, the 
Legcndre transformation ¥h : T*Q — > TQ determines the Lagrangian system on TQ given by i{uq) = 

— V{uq), for Uq G TqQ . Lagraugc's equations are second order and thus the evolution of the ve- 
locities is given by the time derivative q{t) of the base integral curve. Since ¥h = {¥£)~^, the solution of 
the Hamiltonian system is given by ¥l{q{t)). Using the explicit expression of the mechanical connection 
and the notation given in the general procedure, the method of reconstruction simplifies to the following 
steps. To find the integral curve c{t) of the simple mechanical system with G-symmetry h = K+Vottq on 
T*Q with initial condition c(0) = ag G T*Q, knowing the integral curve Cju(f) of the reduced Hamiltonian 
system on {T*Q)^ given by the reduced Hamiltonian function ft,^ : {T*Q)f^ R with initial condition 
C/t(0) = [ag] one proceeds in the following manner. Recall the symplectic embedding i.p^ : ((T*(5)^, 
{^q)ij) {T*{Q/G^), VLqig^-B^). The curve v?^(c^(t)) G T*{Q/Gf,) is an integral curve of the Hamil- 
tonian system on (T*{Q/G^), ^q/g^ " -B^) given by the function that is the sum of the kinetic energy 
of the quotient Riemannian metric and the quotient amended potential V^. Let q^{t) := '^Q/Gf.icfiit)) 
be the base integral curve of this system, where t^q/g^ '■ T*{Q/Gfj,) Q/G^ is the cotangent bundle 
projection. 

• Step 1. Relative to the mechanical connection Amech G 0,^{Q;g^), horizontally lift Q'^(t) G Q/G^ 
to a curve qh{t) G Q passing through ^^(O) = q. 

• Step 2. Determine (^{t) G from the algebraic system {{£,{t)Q{qh{t)),r]Q{qh{t)]l) 
= {jJL,ri) for all r] G fl^, where ((•,•)) is the G-invariant kinetic energy Riemannian metric on 
Q. This implies that qh{0) and C(0)q((z) are the horizontal and vertical components of the vector 
a^q G TqQ which is associated by the metric ((•,■)) to the initial condition aq. 

• Step 3. Solve g{t) = TeLg(^f^^{t) in G^ with initial condition g{Q) = e. 

• Step 4. The curve q{t) := g{t)-qh{t), with qh{t) and g{t) determined in Steps 2 and 4 respectively, 

is the base integral curve of the simple mechanical system with symm,etry defined by the function 
h satisfying q{0) = 0. The curve {¥h)~^{q{t)) G T*Q is the integral curve of this system with 
initial condition c(0) = a,. In addition, q'{t) = g{t) ■ {qh{t) + ^{t)Q{qh{t))) is the horizontal plus 
vertical decomposition relative to the connection induced on J~^{n) {T*Q)fj, by the mechanical 
connection ^mech G ^^{Q'lQij)- 

There are several important situations when Step 3, the main obstruction to an explicit solution of 
the reconstruction problem, can be carried out. We shall review some of them below. 
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(cl) The case = . If is Abelian, the equation in Step 3 has the solution g{t) = cxp ^{s)ds. 
If, in addition, G^ = S^, then ^(s) can be expUcitly determined by Step 2. Indeed, if ^ G is a generator 
of 0^, writing ^(s) = a{s)Q for some smooth real valued function a defined on some open interval around 
the origin, the algebraic equation in Step 2 implies that {{ais)£,{t)Q(<lh{t)), CQ{Qh{t)))) = (/', C) which 
gives a{s) = (M) C)/IICq(9?i(s))IP- Therefore, the base integral curve of the solution of the simple 
mechanical system with symmetry on T*Q passing through q is 

.(*) = exp((M,C)/^-^^c)-..W 

and 

(c2) The case of compact Lie groups. An obvious situation when the differential equation in Step 
3 can be solved is if ^{t) = ^ for all t, where ^ is a given element of g^. Then the solution is 

g{t) = cxp(t^). However, Step 2 puts certain restrictions under this hypothesis, because it requires 
that {{^{t)Q{qh{t)),riQ{qii{t)))) = {^,1]) for any -q G q^. This is satisfied if there is a bilinear nondegen- 
erate form (•, •) on q satisfying {C„rj) = {{CQ{q),'r]Q{Q))) ^ov all g € Q and (,r] G Q. This implies that (■, ■) 
is positive definite and invariant under the adjoint action of G on g so scmisimple Lie algebras of non- 
compact type are excluded. If G is compact, which ensures the existence of a positive adjoint invariant 
inner product on g, and Q = G, this condition implies that the kinetic energy metric is invariant under 
the adjoint action. There are examples in which such conditions arc natural, such as in Kahiza Klein 
theories. Concluding, if G is a compact Lie group and (•, •) is a positive definite metric invariant under 
the adjoint action of G on g satisfying (C,??) = {{<^q{q),'>1q{q))) for all q & Q and (,r} G g, then the 
element ^(i) in Step 2 can be chosen to be constant and is determined by the identity ■) = iJ,\g on 
Qij,. The solution of the equation on Step 3 is then g{t) = exp(i^). 

(c3) The case when ^{t) is proportional to ^{t). Try to find a real valued function f{t) such that 
g{t) = ex.p{f{t)^{t)) is a solution of the equation g{t) = TeLg(^f^^{t) with /(O) = 0. This gives, for small 
t, the equation f{t)(,{t) + f{t)S_{t) = £,{t), that is, it is necessary that (_{t) and ^{t) be proportional. So 
if ^{t) — a{t)^{t) for some known smooth function a{t), then this gives f{t) — cxp (J^" a{r)dr'^ ds. 
(c4) The case of solvable. Write g{t) ~ exp(/i(t)^i) exp(/2(t)^2) ■ • • exp(/„(t)^„), for some basis 
£,2. ■ ■ ■ , £,n} of and some smooth real valued functions /i, i = 1, 2, . . . , n, defined around zero. It 
is known that if Gf, is solvable, the equation in Step 3 can be solved by quadratures for the ft. 

Reconstruction phases for simple mechanical systems with 5*^ symmetry. Consider a simple 
mechanical system with symmetry G on the Riemannian manifold {Q, {{■,■))) with G-invariant potential 

V e C°°{Q). If /X G 0* let Vfj, be the amended potential and G C°°{Q/G^) the induced hmction on 
the base. Let c : [0, T] — > T*(5 be an integral curve of the system with Hamiltonian h = K + V o ttq 
and suppose that its projection 0^ : [0, T] — > {T*Q)^ to the reduced space is a closed integral curve of 
the reduced system with Hamiltonian h^. The reconstruction phase associated to the loop Cp(t) is 
the group element g G G^, satisfying the identity c{T) = g ■ c(0). We shall present two explicit formulas 
of the reconstruction phase for the case when G^ = . Let C G 0;* = be a generator of the coadjoint 
isotropy algebra and write c(T) = exp((p(^) • c(0); in this case Lp is identified with the reconstruction 
phase and, as we shall see in concrete mechanical examples, it truly represents an angle. 

If Gju = S^, the G;:i-principal bmidlc tTju : J~-^(/x) — > (T*(3)^ := 3~^{^)/G^ admits two natural 
connections: A = -^d^ G r2^(J^^(/i)), where 6*^ is the pull-back of the canonical one-form on the 
cotangent bundle to the momentum level submanifold J~^(/Lt), and TTQAmech G rJ^(J~^(/z)). There is 
no reason to choose one connection over the other and thus there are two natural formulas for the 
reconstruction phase in this case. Let c^{t) be a periodic orbit of period T of the reduced system and 
denote also by ft,^ the value of the Hamiltonian function on it. Assume that D is a two-dimensional 
surface in {T*Q)ij, whose boundary is the loop c^(f). Since the manifolds {T*Q)n and T*{Q/S^) are 
diffeomorphic (but not symplectomorphic), it makes sense to consider the base integral curve gju(t) 
obtained by projecting c^(f) to the base Q/S^, which is a closed curve of period T. Denote by (\^) := 
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T /o^ the average of over the loop qp,{t). Let qhit) & Q he the Amech-horizontal Hft of 

Qtj.{t) to Q and let x be the Amcch-holonomy of the loop measured from g(0), the base point of c(0); 
its expression is given by exp x — exp (— jj^ _B) , where B is the curvature of the mechanical connection. 
Denote by lo^ the reduced symplectic form on {T*Q)^. With these notations the phase Lp is given by: 

The first terms in both formulas are the so-called geometric phases because they carry only geometric 
information given by the connection, whereas the second terms are called the dynamic phases since 
they encapsulate information directly linked to the Hamiltonian. The expression of the total phase as 
a sum of a geometric and a dynamic phase is not intrinsic and is connection dependent. It can even 
happen that one of these summands vanishes. We shall consider now two concrete examples: the free 
rigid body and the heavy top. 

Reconstruction phases for the free rigid body. The motion of the free rigid body is a geodesic 
with respect to a left invariant Riemannian metric on SO (3) given by the moment of inertia of the body. 
The phase space of the free rigid body motion is T* SO (3) and a momentum map J : T* SO (3) M.^ of 
the lift of left translation to the cotangent bundle is given by right translation to the identity element. 
We have identified here so (3) with M.^ by the Lie algebra isomorphism x e {M.^, x) i-^ x G (so (3), [•,•]), 
where x(y) = x x y, and so(3)* with M"^ by the inner product on M.^. The reduced manifold 3^^ {nj/Gfj, 
is identified with the sphere S'^^y in M.^ of radius with the symplectic form — —dS/\\fi\\, where 
dS is the standard area form on S'^^^^^ and where G^j = 5*^ is the group of rotations around the axis /i. 
These concentric spheres are the coadjoint orbits of the Lie-Poisson space so (3)* and represent the level 
sets of the Casimir functions that are all smooth functions of ||n|p, where 11 S R"^ denotes the body 
angular momentum. 

The Hamiltonian of the rigid body on the Lie-Poisson space T* SO (3)/ SO (3) = M'' is given by 
/i(n) := 5(77 + 77 + 77) where /i,/2,/3 > are the principal moments of inertia of the body. Let 
I :— diag(/i, I2, 13) denote the moment of inertia tensor diagonalized in a principal axis body frame. The 
Lie-Poisson bracket on is given by {/, g}(n) = — H • (V/(n) x Vg{H)) and the equation of motions 
are 11 = 11 x 57, where $7 e M'^ is the body angular velocity given in terms of n by := Il/Ii, for 
i = 1,2, 3, that is, fl = I~-'^n. The trajectories of the these equations are found by intersecting a family 
of homothetic energy ellipsoids with the angular momentum concentric spheres. If Ii > I2 > I3, one 
immediately sees that all orbits are periodic with the exception of four centers (the two possible rotations 
about the long and the short moment of inertia axis of the body) , two saddles (the two rotations about 
the middle moment of inertia axis of the body), and four heteroclinic orbits connecting the two saddles. 

Suppose that Il{t) is a periodic orbit on the sphere ^ji^ii with period T. After time T by how much 
has the rigid body rotated in space? The answer to this question follows directly from (|0.3|) . Taking 
C = m/IImII and the potential z; = we get 

2h^T _ ff 2||in(s)||2 - (n(s) ■in(s))(trl)^^ ^ 11^ ,13 f'^ ds 



M JJ^ (n(.).in(.))2 J, (n(.).in(.))' 

where D is one of the two spherical caps on "S^^n whose boundary is the periodic orbit n(i), /i^ is the 
value of the total energy on the solution Il{t), and A is the oriented solid angle, that is, 

Reconstruction phases for the heavy top. The heavy top is a simple mechanical systems with 
symmetry on T* SO (3) whose Hamiltonian function is given by h{ah) := IWa^W^ + Mg^k-hx, where 
h G S0(3), a/i G S0(3), k is the unit vector of the spatial Oz axis (pointing in the opposite direction 
of the gravity force), M G M is the total mass of the body, g G K is the value of the gravitational 
acceleration, the fixed point about which the body moves is the origin, and x is the unit vector of 
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the straight hne segment of length ^ connecting the origin to the center of mass of the body. This 
Hamiltonian is left invariant under rotations about the spatial Oz axis. A momentum map induced by 
this S'l-action is given by J : T* S0(3) M, 3{ah) = T*Lh{ah) ■ k; recall that T*Lh{ah) =: H e 
is the body angular momentum. The reduced space i~^{n)/S^ is generically the cotangent bundle of 
the unit sphere endowed with the symplectic structure given by the sum of the canonical form plus 
a magnetic term; equivalently, this is the coadjoint orbit in the dual of the Euclidean Lie algebra 
se(3)* = R3 X R3 given by = {(n,r) | n ■ T ^ ^, ||r||2 = 1}. The projection map J-^(m) ^ O^, 
implementing the symplectic diffeomorphism between the reduced space and the coadjoint orbit in se(3)* 
is given by ah ^ (H, V) := [T* Lh{ah), /i^^k). The orbit symplectic form lu^ on has the expression 
a;^(n,r)((n x x + r x y,r x x), (n x x' + r x y',r x x')) = -n • (x x x') - r • (x x y' - x' x y) for 
any x, x',y,y' e M^. The heavy top equations II = 11 x + MgiT x x, T = T x 17 are Lie-Poisson 
equations on se(3)* for the Hamiltonian h(n, T) ~ ■ ft + MglT ■ x and the Lie-Poisson bracket 
{/, .g}(n, F) = -E ■ (Vn/ x Vn.g) — P • (Vn/ x Vr5 - Vn5 x Vr/), where Vn and Vr denote the partial 
gradients. 

Let (n(i),P(t)) be a periodic orbit of period T of the heavy top equations. After time T by how 
much has the heavy top rotated in space? The answer is provided by HQ.3(I : 



where D is the spherical cap on the unit sphere whose boundary is the closed curve T{t) and P is a 
two-dimensional submanifold of the orbit bounded by the closed integral curve (n(i),P(t)). The 
first terms in each summand represent the geometric phase and the second terms the dynamic phase. 

Gauged Poisson structures. If the Lie group G acts freely and properly on a smooth manifold Q, 
then {T*Q)/G is a quotient Poisson manifold (see Jl]), where the quotient is taken relative to the (left) 
lifted cotangent action. The leaves of this Poisson manifold are the orbit reduced spaces 3~^{0^)/G, 
where C g* is the coadjoint G-orbit through /i e g* (see IS]). Is there an explicit formula for 
this reduced Poisson bracket on a manifold diffeomorphic to {T*Q)/G7 It turns out that this question 
has two possible answers, once a connection on the principal bundle tt : Q — > Q/G is introduced. The 
discussion below will also link to the fibration version of cotangent bundle reduction. 

In order to present these answers we review two bundle constructions. Let G act freely and properly 
on the manifold P and consider the a (left) principal G-bundle p : P ^ P/G := M . Let t : N ~> M 
be a surjective submersion. Then the pull-back bundle p : {n,p) E P := {{n,p) E N x P \ p{p) — 
r(n)} n E N over N is also a principal (left) G-bundle relative to the action g ■ {n,p) :— {n,g ■ p). 

If there is a (left) G-action a manifold V, then the diagonal G-action g ■ {p,v) — {g -Pjg -v) on P xV 
is also free and proper and one can form the associated bundle P XqV := {P x V)/G which is a 
locally trivial fiber bundle pe ■ [p,v] E E :— P XqV p{p) G M over M with fibers diffeomorphic to 
V. Analogously one can form the associated fiber bundle : E := P Xq V N. Summarizing, the 
associated bundle E^PxqV—^N is obtained from the principal bundle p : P ^ M, the surjective 
submersion t : N ^ M , and the G-manifold V by pull-back and association, in this order. 

These operations can be reversed. First form the associated bundle pE : E = P XqV ^ M and then 
pull it back by the surjective submersion t : ^ M to to get the pull-back bundle pE ■ E N. 
The map ^ : P xqV E defined by <I>([(n,p), v]) := (n, [p, v]) is an isomorphism of locally trivial fiber 
bundles. 

These general considerations will be used now to realize the quotient Poisson manifold {T*Q)/G 
in two different ways. Let Q be a manifold and G a Lie group (with Lie algebra g) acting freely and 
properly on it. Let A G ^^{Q; g) be a connection one-form on the left G-principal bundle tt : Q ^ Q/G. 
Pull back the G-bundle tt : Q ^ Q/G by the cotangent bundle projection ttq/g '■ T*{Q/G) Q/G 

to T*{Q/G) to obtain the G-principal bundle ttq/g ■ (Q![g]i'?) ^ Q {i<^iq],<l) I [q] = '^{q),Q £ Q} ^ 
G T*{Q/G). This bundle is isomorphic to the annihilator {VQ)° C T*Q of the vertical bundle 





■ T 
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VQ := kerTTT C TQ. Next, form the coadjoint bundle ps ■ S := Q Xq Q* ^ T*{Q/G) of Q, 
Ps{{oi[q\,(l), ^^) = Q;[g], that is, the associated vector bundle to the G-principal bundle Q T*[Q/G) 
given by the coadjoint representation of G on g*. The connection-dependent map '■ S — > {T*Q)/G 
defined by <3>/i([(a[q] , g), /i]) := \T*Ti{a\^q-^) + A{q)* p], where q E Q, aq £ T*Q, and /i G q*\ is a vector 
bundle isomorphism over Q/G. The Sternberg space is the Poisson manifold {S, {•, - js), where {•, - js 
is the pull-back to S by $a of the quotient Poisson bracket on {T*Q)/G. 

Next, wc proceed in the opposite order. Construct first the coadjoint bundle /jj. : [g, /i] G q* := 
Q Xg 9* [q] G Q/G associated to the principal bundle tt : Q ^ Q/G and then pull it back by 
the cotangent bundle projection ttq/g '■ T*{Q/G) — > Q/G to T*{Q/G) to obtain the vector bundle 
pw -W := {{a{q^,[q, p]) \ TrQ/G{a[q]) = />g.([g,/i]) = [g]}, pw{a[q]-\<li lA) = "[<?] over T*(Q/G). Note 
that W = T*{Q/G) © g* and hence W is also a vector bundle over Q/G. Let HQ be the horizontal 
subbundle defined by the connection A; thus TQ = HQ ® VQ, where HqQ := ker^(g'). For each q G Q 
the linear map Tqirln^Q : HqQ T[q]{Q/G) is an isomorphism. Let hor<j := (T<j7r|//^Q)~^ : T[q]{Q/G) 
HqQ C TqQ he the horizontal lift operator induced by the connection A. Thus hor* :T*Q—* Tj*j((5/G) 
is a linear surjective map whose kernel is the annihilator {HqQ)° of the horizontal space. The connection- 
dependent map '^A ■ {T*Q)/G W defined by ^'^([aq]) := (hor* {a q),[q, 3 {a q)]), where q e Q, 
ctq e T*Q, and J : T*Q — > q* is the momentum map of the lifted action, (J(aq),^) = aq{{S^Q{q)) for 
^ e 0, is a vector bundle isomorphism over Q/G and a°^a = ^- The Weinstein space is the Poisson 
manifold [W, {•, ■}w); where {•, -^w is the push-forward by ^> a of the Poisson bracket of {T*Q)/G. In 
particular, <^ : S ^ W is a, connection independent Poisson diffeomorphism. The Poisson brackets on 
S and on W are called gauged Poisson brackets. They are expressed explicitly in terms of various 
covariant derivatives induced on S and on W by the connection A G ^1^{Q;q). 

Recall that the connection A on the principal bundle tt : Q — » Q/G naturally induces connections 
on pull-back bundles and afRne connections on associated vector bundles. Thus both S and W carry 
covariant derivatives induced by A. They are given, according to general definitions, in the cases under 
consideration, by: 

. If / G G-(5), s = g),M] e S, and G T„,,,T*(Q/G), then d|/(s) G T*^^J*{Q/G) 

is defined by d|/(s) (i^^j^,) := d/(s) (^T((„|^,^,),^)7rQxg. ((wcj,, , hor,(T„j^,T(w„(^, ))) , O)) , where 

"^Qxg* • Q X Q* ~* Q Xg fl* = -S" is the orbit map. The symbol signifies that this is a 
covariant derivative on the associated bundle S induced by the connection A on the principal 
G-pull-back bundle Q T*{Q/G). This connection A is the pull-back connection defined by A. 

. If / e G°°{W), w = [g,M]) e W, and z;^^,, G T„j,,T*(Q/G), then V^/(«;) G T*j^jT*(Q/G) is 
defined by Vj/(w) = ci/(w;) T(q,^)7rQx0* (horg^T„j_^,TQ/GK[,])),0)), where ttqxb* : 

Q X g* ^ Q Xg fl* = 0* is the orbit map. The symbol signifies that this is a covariant 
derivative on the pull-back bundle W induced by the covariant derivative Va on the coadjoint 
bundle q*. This covariant derivative is induced on g* by the connection A. 

• For / G G~(Ty), we have d|(/ o $) = (V^/) o 

To write the two gauged Poisson brackets on S and on W explicitly, we denote hy q = Q xqQ the adjoint 
bundle of tt : Q — > Q/G, by flq/c the canonical symplectic structure on T*{Q/G), by B G 0^(Q;g) 
the curvature of A, and by B the g-valued two-form B G ri^(Q/G;g) on the base Q/G defined by 
'S(M)("[9]>^^[9]) = [<l^B{q){uq,Vq)\, for any G TqQ that satisfy TqTT{uq) = and Tq7r(wq) = 

Note that both S* and W* are Lie algebra bundles, that is, their fibers are Lie algebras and the fiberwise 
Lie bracket operation depends smoothly on the base point. If / G C°°{S), denote by Sf/Ss G S"* = 
Q Xg Q the usual fiber derivative of /. Similarly, if / G C°°{W) denote by 6f/dw G W* the usual fiber 
derivative of /. Finally, tt : T*{T*{Q/G)) T{T*{Q/G)) is the vector bundle isomorphism induced by 
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fig jQ . The Poisson bracket of f,g £ C°° (S) is given by 

{f,g}s{s) = (d5/(.)«, d^^l^)*) - (^s, 



;«,(^^/GB)(a[,])(d5/(.)»,d5g(s)»)), 
where v = [g,/Lt] £ g*. The Poisson bracket /, g G C°°{W) is given by 

{/,5}v^M = f^Q/G(«M) (Vj/H«, Vlg(^)«) - 



(5ti; ' Sw 



Note that their structure is of the form: "canonical" bracket plus a (left) "Lie-Poisson" bracket plus a 
curvature coupling term. 

The symplectic leaves of the Sternberg and Weinstein spaces. The map the map ipA ■ 

Q X 2* ^ T*Q given by ((a[g], , m) := r*7r(a[g]) + where ((a[g], 9) , /i) e Q x g*, 

is a G-equivariant diffeomorphism; the G-action on T*Q is by cotangent lift and on Q x g* is g • 
((q^[ij]i9) I m) = ■ 9) i^d*-i fi). The pull back J^i of the momentum map to Q x g* has the 

expression 3a ((Q^[g]: ?) > m) = so if O C g* is a coadjoint orbit we have 3^{0) ~ Q x O, and hence 
the orbit reduced manifold J^^(C)/G, whose connected components are the symplectic leaves of S, 
equals Q xq O. Its symplectic form is the Sternberg minimal coupling form Cj^ + pjrig/g.. 

In this formula the two- form Cjq has not been defined yet. It is uniquely defined by the iden- 
tity TTg^^.Ljj^ = dj4 + YIqIjj'q, where lOq is the minus orbit symplectic form on O (see jlSI ). IIci : 
Q X O ^ O \s the projection on the second factor, and A G Vl^{Q x O) is the two- form given by 
^ (("[«]: 9) >m) ■i^?),^^) = - (Ai,^(<?)K)) for {{a[q\,q)■,^^) e Q X O, {uaf^^,Vg) £ T^^^^^j Q, and 

e g*. 

The symplectic leaves of the Weinstein space W are obtained by pushing forward by $ the sym- 
plectic leaves of the Sternberg space. They are the connected components of the symplectic manifolds 

(t*{Q/G) (B (Q Xg 0),Ii:^,^Q^Q^nQ/G + Il*Qy^^o^QxGo)^ wfiere O is a coadjoint orbit in g*, Qq/g 
is the canonical symplectic form on T*{Q/G), Wq^gO ^ closed two-form on Q Xg O to be de- 
fined below, and nr.(Q/G) : T*(Q/G) © (Q xg O) ^ T*{Q/G), Uq^^o ■ T*{Q/G) © {Q xg O) ^ 
Q Xg O are the projections. The closed two-form ujq^^q G Vl^ [Q XgO) is uniquely determined 
by the identity t^qxo^qxqO ~ ^Qxc where ttqxo -QxO^QxgO is the orbit space projec- 
tion, ^Q^Q G fl^iQ X O) is closed and given by ujQ^(^{q, fi) ((ug, - ad^ /x), (wg, — ad* ^)) := -d(^ x 
ido)(q, /i) ((m,, - ad| (i;g, - ad* /x)) -I- u;^(^) (ad^ /Lt,ad* /x), and ^ x ido G fl^{Q x q*) is given by 
{A X ido) {q,n) (wg, -adj /i) = {fi, A{q){uq)) , for qeQ,fie g*,Ug,Vq G TqQ,^,!^ G g. 

Thus on the Sternberg and Weinstein spaces both the Poisson bracket as well as the symplectic form 
on the leaves have explicit connection dependent formulas. 
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